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1 INTRODUCTION

Signal processing deals with methods to represent signals and extracting mean-
ingful information from them. Transient, non-stationary signals have time
varying frequencies and conventional tools like Fourier Transform prove in-
adequate to capture time-frequency information in these signals. A special
time-frequency localized approximation basis is needed to capture informa-
tion in both time and frequency domain and methods like Short Time Fourier
Transform (STFT) and wavelet transform have been used for these applica-
tions. However, these methods are limited by the amount of computation they
require and subsequently the time they take.

One advantage of the wavelet transform is that it offers the option of approx-
imating the signal at various successive resolutions and hence view features
that may not be trivially visible. This multiresolution analysis was first intro-
duced in the context of signal processing by Stephane Mallat and Yves Meyer.
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They showed strong interconnection between wavelet representation and mul-
tiresolution analysis. Ingrid Daubechies further explored the use of wavelets in
signal processing. In the present work, we try to show that similar interconnec-
tion exists between orthogonal polynomial approximation and multiresolution
analysis. R. Kumar and P. Sircar explored this interconnection and presented
the multiresolution of ECG signals using orthogonal polynomials derived on
discrete interval. Pradip Sircar, Ram Bilas Pachori, and Rupendra Kumar also
separated the different rhythms of EEG signals using orthogonal polynomials
and compared the results with wavelet packet transform. In both of these
approaches, they did not provide mathematical formulation for the link be-
tween orthogonal polynomial approximation, multiresolution analysis and the
wavelet transform. We try to bridge that gap in this work and use mathematical
formulation to look at EEG signals at different resolutions.

In the subsequent sections, we first look at the approximation process and
the mathematical preliminaries. Then we develop the multiresolution analysis
framework with orthogonal polynomials as basis and finally analyze the results
from simulation on an EEG dataset.

2 APPROXIMATION THEORY AND CHEBYSHEV

POLYNOMIALS

2.1 LINEAR APPROXIMATION

Real world signals are functions of continuous-time. But any physical device
can only measure the signal on a discrete set of time. Approximation the-
ory is concerned with how functions can be best approximated with simpler
functions using known values of the the given function on some discrete-time
points with quantitatively characterizing the errors introduced thereby.

Let f (x) be a function which we wish to approximate using the class of
functions. {g j (x) : j = 1,2,3...M }. Let us denote this approximation by f̂ (x),
then the approximation is given by the equation:

f (x) ≈ f̂ (x) = a0g0(x)+a1g1(x)+ .....+aM gM (x) (2.1)

such that {a j (x) : j = 1,2,3...M } are constants. This is the approximation
of linear type. Let us denote the observed values of the function f on points
{xn : n = 0,1,2, ...N −1} as { fn : fn = f (xn); n = 0,1,2, ...N −1} and approximated
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values of function as { f̂n : fn ≈ f̂n ; n = 0,1,2, ...N −1}. This gives us the discrete
form of eqn 2.1

2.2 ORTHOGONAL BASIS APPROXIMATION AND LINEAR

TRANSFORMS

The above linear approximation equation can be written in a compact form as

f̂ ≈ f = G a (2.2)

where f = [ f0, f1, ... fN−1]T , f̂ = [ f̂0, f̂1, ... f̂N−1]T , a = [a0, a1, ...aM ]T and

G =


g0(x0) g1(x0) . . . gM (x0)
g0(x1) g1(x1) . . . gM (x1)

...
...

. . .
...

g0(xN−1) g1(xN−1) . . . gM (xN−1)


Coefficient vector a can be calculated by least square solution to above

equation. Solving we get:

a = (GTG)−1GTf (2.3)

If the basis set/class of functions {g j (x) : j = 1,2,3...M } is orthogonal, then
we have GTG = Z, where Z is a diagonal matrix. If we include orthonormality
as well, Z = I and then the calculation of coefficients from eqn 2.3 reduces to:

a = GTf =⇒ f̂ = GGTf (2.4)

2.3 CHEBYSHEV POLYNOMIALS

Chebyshev Polynomials constitute a system of orthogonal polynomials on
the interval [a,b] = [−1,1]. Chebyshev polynomials of the first kind Tk (x) are
orthogonal with respect to the weight function w(x) = 1p

1−x2
and Chebyshev

polynomials of the second kind Uk (x) are orthogonal with respect to weight
function w(x) =

p
1−x2. Tk (x) and Uk (x) are solutions to different differential

equations and hence have certain properties associated with them. We will
limit our analysis to polynomials of the first kind.

The first few polynomials are shown in the attached figure and can be defined
using trigonometric formula as:
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Tk (x) = cos(kcos−1x) (2.5)

This graph indicates that their absolute value in the interval [−1,1] is bounded
by 1. We can also confirm that (as defined before) Chebyshev Polynomials are
orthogonal with the given weight function. However, according to section 2.1
and 2.2, we would like them to be orthonormalized and discretized.

It turns out, Chebyshev Polynomials of the first kind satisfy discrete orthog-
onality if xn ’s are zeros of TN (x) or (as they are commonly known) nodes of
TN (x) given by the following equation:

xn = cos

(
2n +1

2N
π

)
: n = 0,1,2....N −1 (2.6)

The corresponding orthogonality may be expressed by eqn 2.7 and with xn ’s
as defined in 2.6, we can get both, the desired discretization and orthonormal-
ization.
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(Tk (x),T j (x))d =
N−1∑
n=0

Tk (xn)T j (xn) =


0, k 6= j

N , k = j = 0

N /2, k = j 6= 0

(2.7)

=⇒ ||Tk (x)||d = (Tk (x),Tk (x))1/2
d =

{p
N , k = 0p
N /2, k 6= 0

(2.8)

3 MULTIRESOLUTION ANALYSIS

3.1 DEFINITION AND PROPERTIES

Multiresolution Analysis is defined as a sequence of closed linear subspaces
{Vj ⊂ L2(R)} and a sequence of approximating operators O j . O j is the approxi-
mation operator which approximates f (x) ∈ L2(R) at resolution 2− j . We would
like this sequence of subspaces and operators to have some desired properties
in order to process information in signals in a orderly and meaningful way.
These properties as mentioned in Mallat are:

1. O j f (x) is the projection of f(x) on vector space Vj ⊂ L2(R). It is a linear
operator and O j f (x) is not modified if we approximate it again at the
same resolution 2− j , i.e. O j ◦O j =O j

2. Among all possible approximations of f (x) at 2− j , O j f (x) is the most
similar to f (x). Hence O j is the orthogonal projection of f (x) on the
vector space Vj.

3. The approximation of signal O j f (x) contains all the necessary informa-
tion to compute the same signal at a smaller resolution 2−( j+1). This
is the causality property. Since O j is the projector operator on Vj, this
principle is equivalent to ∀ j ∈ Z,Vj+1 ⊂ Vj

4. The subspaces of approximated functions can be derived from one an-
other by scaling each approximated function by the ratio of their resolu-
tion values. i.e. ∀ j ∈ Z, f (x) ∈ Vj+1 ⇔ f (2x) ∈ Vj

5. When f (x) is translated by some length proportional to 2 j , O j f (x) is
translated by same amount and it is characterized by the same samples
which have been translated.
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6. As the resolution increases to 1, the approximated signal should converge
to original signal. Conversely, as resolution decrease to 0, the approx-
imated signal contains less and less information and converges to a
constant value.

We call such a set of subspaces {Vj} j∈Z a multiresolution of L2(R). This is very
useful in many applications in signal and image processing.

3.2 SCALING FUNCTION AND BASIS OF Vj

In multiresolution analysis, approximation operator O j is the orthogonal pro-
jection on the vector space Vj. In order to numerically characterize this op-
erator, we need to find an orthonormal basis of space Vj. Mallat proved that
such an orthonormal basis can be defined by translating and dilating a unique
function called scaling function φ(x). Thus, the basis for Vj is given by the set:

{φ j (x −2 j i j ) =
√

2− jφ(2− j x − i j ) : i j ∈ Z} (3.1)

The orthogonal projection of f (x) on space Vj can now be computed using
above define orthonormal basis as: ∀ f (x) ∈ L2(R)

O j f (x) =
∞∑

i j=−∞
〈φ j (x −2 j i j ), f (x)〉︸ ︷︷ ︸

Inner Product a j ,i j

φ j (x −2 j i j ) (3.2)

Hence the inner product gives the coefficients {a j ,i j : i j ∈ Z} of the basis

functions for approximation at resolution 2− j .

4 MRA USING CHEBYSHEV POLYNOMIALS

4.1 CHRISTOFFEL DARBOUX KERNEL AND THE POLYNOMIAL

SCALING FUNCTION

Christoffel Darboux (CD) kernel polynomials and the polynomial scaling func-
tions are defined as follows:

KM (x, y) =
M∑

k=0

Tk (x)Tk (y)

||Tk (x)||2 =
M∑

k=0
Pk (x)Pk (y) (4.1)
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φ j (x, y) = KM j (x, y) (4.2)

where Pk (.) is the k th order normalized Chebyshev polynomial of the first
kind. Let us look at some important properties of the scaling function:

1. The inner product of φ j (x, yi ) with f (x) reproduces the value at f (x =
yi ). i.e. 〈 f (x),φ j (x, yi )〉 = f (yi ). This implies that the scaling function
φ j (x, yi ) is localized around x = yi . (as shown in the attached figure)

2. The fourier transform of the scaling function looks like a bandpass filter.
(as shown in the attached figure) This is consistent with the idea that to
get different resolutions, we have to limit the frequency. We talk more
about this in subsequent sections.

3. Let {y j ,i j : i j = 0,1,2, ..., M j } be an arbitrary parameter set, then the set
{φ j (x, yi ) : i j = 0,1,2, ..., M j } in itself is not orthogonal. The y j ,i j ’s need
to be the nodes of PN (.) (as explained in section 2.3, eqn 2.6).

4. Chebyshev Polynomials are orthogonal only in the domain [−1,1]. Of-
ten times we want to approximate functions f (x) on a general interval
[a,b], so we require a change in variable and shift of domain.

With these observations, we can move on to the algorithm and matrix for-
mulation for the approximation.

8



4.2 MATRIX FORMULATION

As given in section 2.2, the approximated f̂ can be calculated easily from the
matrix G as f̂ = GGTf. Here the matrix G is the discretized form of the basis
set at N points {xn : n = 0,1,2, ..., N −1}. The basis set for Vj is {φ j (x, yi ) : i j =
0,1,2, ..., M j }, i.e.

Vj = span {φ j (x, y0), φ j (x, y1), ...φ j (x, yM j )} (4.3)

Therefore, the corresponding G matrix here will be formed by the above
defined set and consequently calledΦj. The definition follows:

Φj = PjA
T
j (4.4)

where, Pj =


P0(x0) P1(x0) . . . PM j (x0)
P0(x1) P1(x1) . . . PM j (x1)

...
...

. . .
...

P0(xN−1) P1(xN−1) . . . PM j (xN−1)



Aj =


P0(y0) P1(y0) . . . PM j (y0)
P0(y1) P1(y1) . . . PM j (y1)

...
...

. . .
...

P0(yM j ) P1(yM j ) . . . PM j (yM j )



Φj =


φ j (x0, y0) φ j (x0, y1) . . . φ j (x0, yM j )
φ j (x1, y0) φ j (x1, y1) . . . φ j (x1, yM j )

...
...

. . .
...

φ j (xN−1, y0) φ j (xN−1, y1) . . . φ j (xN−1, yM j )



(4.5)

Let us also define the space Wj = Vj−1 ªVj = span {PM j+1,PM j+2, ...PM j−1}
The associated basis will have a wavelet function corresponding to the scaling

function before; as given by: ψ j (x, z) =∑M j−1

M j+1 Pk (x)Pk (z j ,i ) In matrix form:

Ψj = QjB
T
j (4.6)
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where, Qj =


PM j+1(x0) PM j+2(x0) . . . PM j−1(x0)
PM j+1(x1) PM j+2(x1) . . . PM j−1(x1)

...
...

. . .
...

PM j+1(xN−1) PM j+2(xN−1) . . . PM j−1(xN−1)



Bj =


PM j+1(z0) PM j+2(z0) . . . PM j−1(z0)
PM j+1(z1) PM j+2(z1) . . . PM j−1(z1)

...
...

. . .
...

PM j+1(zN−1) PM j+2(zN−1) . . . PM j−1(zN−1)



Ψj =


ψ j (x0, z0) ψ j (x0, z1) . . . ψ j (x0, zM j−1)
ψ j (x1, z0) ψ j (x1, z1) . . . ψ j (x1, zM j−1)

...
...

. . .
...

ψ j (xN−1, z0) ψ j (xN−1, z1) . . . ψ j (xN−1, zM j−1)



(4.7)

Now let us revisit section 3.2 and what the approximation and detail signals
actually are using the polynomial technique.

f̂ j (x) =O j f (x) =
M j∑

i j=0
〈φ j (x, yi j ), f (x)〉︸ ︷︷ ︸

a j ,i j

φ j (x, yi j ) (4.8)

r̂ j (x) = D j f (x) =
M j−1∑
i j=0

〈ψ j (x, zi j ), f (x)〉︸ ︷︷ ︸
d j ,i J

ψ j (x, zi j ) (4.9)

Finally, let us define the mirror filters for the two scale refinement equations:

Hj−1 =ΦT
j−1Φj = Aj−1PT

j−1PjA
T
j (4.10)

Gj−1 =ΦT
j−1Ψj = Aj−1PT

j−1QjB
T
j (4.11)

Now we can go from a lower resolution to a higher one and vice-versa with the
following formulas. Equations 4.12, 4.14 go to a lower (less points) resolution
whereas eqns 4.13, 4.15 go to a higher resolution and hence require details
added to the lower approximation.
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Φj =Φj−1Hj−1 andΨj =Φj−1Gj−1 (4.12)

Φj−1 =ΦjH
∗
j +ΨjG

∗
j (4.13)

aj =ΦT
j f = HT

j−1aj−1 and dj =ΨT
j f = GT

j−1aj−1 (4.14)

aj−1 = Hj−1aj +Gj−1dj (4.15)

f̂j = Ojf =Φj aj =Φj Φ
T
j f (4.16)

In our simulations, we focused on approximation at a given resolution. Our
approach involved calculating the matrixΦ j using eqns 4.4, 4.5 and finally eqn
4.16 to get the signal at the desired resolution.

4.3 NYQUIST CRITERION AND ALIASING

Let function f (t ) is a bandlimited signal with bandwidth B. Sampling Theorem
states that to be able to perfectly reconstruct f (t ) from its N samples sampled
at sampling frequency νs , we need B ≤ νs/2. The error of approximation goes
to zero when we choose an M j for the polynomial such that:

B = M jνs

2N
=⇒ M jνs

2N
≤ νs

2
=⇒ M j ≤ N (4.17)

Hence, we set M0 = N −1 to get the best results within the Nyquist limit.

5 RESULTS

5.1 ECG SIGNALS

For the purpose of testing our hypotheses, we have chosen the MIT-BIH Ar-
rhythmia database of ECG signals. The sampling frequency is 360 Hz. The
original samples are 10 seconds long (3600 samples). For simplicity, we will
run our analysis on 129 points only.
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After reducing to 129 points, the signal reduces to the following:

The approximations from the algorithm at various resolutions are given.
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Figure 5.1: Approximations of ECG signal at various resolutions

5.2 EEG SIGNALS

Here, we have used a dataset made public by Bonn university. The rate of
sampling is 173.61 Hz and we are only looking at 129 samples as in the earlier
case. We will look at two EEG signals in our analysis.
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Figure 5.2: Approximations of given EEG signal at various resolutions
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We will analyze another EEG signal with this technique. The original function
and its approximations at various resolutions follow.
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Figure 5.3: Approximation Signal at Resolution 1/4
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